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ABSTRACT 

The effect of the ring cu r ren t  due to the dr i f t  of t rapped 

in  the radiation belts on the distribution of untrapped par t ic les  in the 

par  t ic l e  s 

magnetosphere is analyzed using a cur ren t  shee t  approximation to the 

ring cur ren t .  

obtained by rotating a dipole field line about the axis.  

of a dipole plus a distributed ring cu r ren t  is derived and applied in Stbi-mer's 

theorem to determine allowed and forbidden regions of par t ic le  motion. 

Liouville's theorem is used to obtain the rat io  of unbound par t ic le  flux a t  

points inside the model ruagnetwphere to an isotropic uniform flux a t  

infinity. 

The shape assumed for  the cu r ren t  sheet  is the figure 

The vector potential 
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INTRODUCTION 

A westward flowing equatorial  ring c u r r e n t  was first proposed by 

Schmidt1 to explain the decrease  in the horizontal  component of the 

magnetic field a t  the Ea r th ' s  surface during magnetic s to rms .  

and F e r r a r o 2  proposed that charged particle s t r e a m s  f r o m  the Sun provide 

the source  for  the r ing cur ren t .  

flowing ring cu r ren t  at the geomagnetic equator with a radius between five 

and ten E a r t h  rad i i  might s e rve  as a r e se rvo i r  of par t ic les  t o  produce the 

a u r o r a s  as w e l l  ds explain the decrease in the Ear th ' s  field during the 

main phase of geomagnetic s to rms .  

was not attr ibuted to  the dr i f t  of charged par t ic les  trapped in the geomagnetic 

field but t o  a charge distribution of par t ic les  of the neut ra l  so la r  flux on the 

Chapman 

They a l so  speculated that a westward 

The annular cu r ren t  causing a decrease  

boundary of the magnetosphere.  Alfvkn 3 showed that magnetic t r a p s  can 

ex is t  in the Ea r th ' s  dipole field and that these  t r aps  correspond to Stb'rmer 's  

inner  allowed region. 

par t ic les  whose dr i f t  causes  a ring cur ren t .  

The radiation belts provide a collection of charged 

Tre iman4 assumed a ring cur ren t  formed by a cu r ren t  sheet  located 

on the sur face  of a sphere  concentric with the E a r t h  and obtained an  expres-  

s ion  for  the variation expected in the intensity of cosmic radiation near  the 

E a r t h ' s  sur face .  

c u r r e n t  and determined the allowed and forbidden regions of par t ic le  motion 

using Stb'rmer 's  theory. The effect of the ring cu r ren t  on the ver t ica l  cutoff 

r igidi ty  at the Ea r th ' s  sur face  was studied as a function of geomagnetic 

lati tude.  Ray 6 a l so  studied the effect of the ring cu r ren t  on the impact 

zones of cosmic  rays  by integrating particle t ra jec tor ies .  

some  difficulty in reconciling the measured par t ic le  population and cal-  

culated r ing cu r ren t  with the observed reduction in  cosmic ray  cutoff 

Ray 5 assumed a f i lamentary f o r m  for  the equator ia l  r ing 

J There has been 

r igidi ty  during magnetic s to rms  7 . 

In this  paper the ring cu r ren t  due to  the dr i f t  of charged par t ic les  

t rapped  in  the radiation bel ts  is approximated by a single cu r ren t  sheet  

1 



symmetr ic  about the dipole axis and with c ross -sec t iona l  shape like that 

of a dipole field line. 
I 

The vector potential for  the combination of the geomagnetic dipole 
I 

and the distributed ring cu r ren t  is expanded in t e r m s  of the associated 

Legendre polynomials and inser ted  into StGrmer's  theorem. 

theorem is used to  determine the allowed and forbidden regions for motion 

of untrapped par t ic les .  Finally, Liouville's theorem is used to determine 

the rat io  of the proton flux for selected energies  at points inside the 

magnetosphere to the flux of protons of the s a m e  energy at infinity. 

flux is assumed to be isotropic and spatially uniform at infinity. 

I 

S t z r m e r ' s  

The 

The author gratefully acknowledges the able ass i s tance  of Mr. 

T. J. Buntyn for  the programming of the equations and providing the 

numerical  resu l t s .  
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AN APPROXIMATION TO THE VECTOR POTENTIAL 
O F  THE RADIATION BELTS 

Approximations to the ring cur ren t  field have been studied by 

Akasofu and Cain8, 9 ,  Akasofu and Chapman' O, Ben'kova and Tyurminal  1, 

Chapman12, and Ray13. 

a cu r ren t  sheet ,  the sur face  of which is generated by rotating a dipole field 

line about the dipole ax is .  

t rapped in  the radiation bel ts  by the Ea r th ' s  magnetic field which is la rge ly  

that of a dipole over a substantial  par t  of the magnetosphere.  The approxi- 

mation of the cu r ren t  i i i s t r ih i i t ion  by a sheet  of the gcncra l  shape of the 

radiat ion bel ts  s e e m s  reasonable  and should be m o r e  representat ive of 

nature  than a f i lamentary ring cur ren t .  

Ben'kova and Tyurmina have studied the potential of 

The ring cu r ren t  i s  due to the dr i f t  of par t ic les  

The shape of a dipole field line is given by 

r '  = a sin '  LJJ 

where a is the value of r in the equatorial  plane and LJJ is the magnetic 

colatitude of a point on the cu r ren t  surface ( s e e  Figure 1) .  The c u r r e n t ' s  

sur face  is a s sumed  t o  be axisymmetr ic  and symmetr ic  with respec t  to  the 

equator ia l  plane and the cu r ren t  i s  assumed t o  diminish to  z e r o  a t  some 

LJJ = /3 and Jc = TT - ,8. 

e a s t  to wes t  and it is assumed that the r and 8 components of the cu r ren t  

a r e  gero .  

The cu r ren t  is assumed to flow along the sur face  f r o m  

The vector  potential of a c i rcu lar  loop a t  r = b and 8 = + is given 

by Srnythe14 in  t e r m s  of the associated Legendre polynomials for  r < b, 

and for  r > b, 



Cur ren t  
Sheet 

Figure 1 .  Coordinates of the C u r r e n t  Sheet and Field Point 
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I 

I where p is the permeabili ty and I is the cur ren t .  The vector potential of 

such a c i r cu la r  loop has  a + component only. The cu r ren t  sheet  can  be 

I thought of a s  being composed of a large number of c i rcu lar  cu r ren t  bel ts  i 

i with ve ry  sma l l  widths. 

one of these belts located a t  ( r ' ,  +) may be represented  by 

The vector potential a t  a field point ( r ,  0 )  of 
1 

if r < r ' ,  o r  by 

a) 

P i  (cos Q) PA (cos 0 )  
s in  Q ($r+' 

dA+ = p $  n ( n t 1 )  
n= 1 

i f  r > r ' .  

The cur ren t ,  dI, in  a ve ry  narrow belt  of width d l  i s  given by 

d I = j d P  

where j is the cu r ren t  density per  unit a r c  length along the cu r ren t  sheet.  

The cu r ren t  density i s  assumed to  be a function of I+, j = j ( J I ) .  

The vector  potential, A+, of the sheet  can be found by integrating 

Equations 2 along a line of force  of the magnetic field. 

i f  r < r '  or  

if r > r ' ,  where SI, Sz, S3, and Sq a r e  points on the sheet of cu r ren t .  

5 



Integration i s  along an  a r c  of the curve 

2 r '  = a s in  + . 

The computations a r e  facil i tated by replacing the integration along the 

a r c  1 by integration over the angle +. F r o m  Figure 1 it is evident that  

(d1)2 = (d r ' ) '  t (rl  d+)2 

1 

d l  = a s in  L/J ( 1  t 3 cos2+) '  d+ . (5 )  

Making this  substitution one obtains 

1 

X (1  t 3 cos2  +)z d+ 

i f  r < a s i n 2 P ,  o r  by 

1 

X (1 t 3 cos2  +)' d+ 

if r > a.  

a s in  /3 < r < a ,  the vector  potential is the s u m  of a cen t r a l  and a remote  

field contribution. If the field point is ( r ,  e ) ,  then the c e n t r a l  field con- 

These integrals  converge in  the regions specified.  In the region 
2 

I 

I 

I 

I 

I 

1 
I 

tribution can be evaluated b y  integrating Over the c u r r e n t  which is distributed 

a t  r '  > r .  

cur ren t  which is distributed at r '  < r .  

vided j is bounded. 

The remote  field contribution is evaluated by integrating over  the 

These  in tegra ls  will  converge pro-  

The vector  potential  in  this  in te rmedia te  range is given 

by 

6 



I A+ = A+i t A+o f o r  a s in2  0 < r < a (7 1 

where A+i is the cen t r a l  field contribution and A+o is the remote field 

contribution ( s e e  F igure  2). 

r 

1 
2 2  X (1  t 3 cos +) d$ 

1 
where  cy = s in- '  (r/a)' and a s in ' p  < r < a .  

n t l  1 

PA (cos +) PA(cos 0 )  (1 t 3 cos2$)' d+ aP r Q s i n ' +  ( a  sin2 + )  
-2 3 j C n ( n t 1 )  r n= 1 

cy 

It is necessa ry  to  a s sume  a form for  j before  proceeding t o  evaluate 

the in tegra ls .  Ben'kova and Tyurrnina' considered s e v e r a l  different 

functional dependences of j on +, but for  this  study it was a s sumed  that  

j = jo s i n  $ where  jo is a constant. 

pot entia1 be c ome s 

2 With this  assumption, the vector  

where  

TT-cy . 

7 



Z c 4J 
Figure 2. Coordinates fo r  In te rmedia te  

Vector Potential  Calculations 
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CY = p for  r < a s in 'p  

and 

CY 3 ' 1 ~ 1 2  for  r > a 

These integrals  can  be evaluated by expanding the associated 

Legendre polynomials in  t e r m s  of s in  + and using a s e t  of integral  tables  

such a s  that of Grbbner and Hofre i te r l s .  

evaluate by hand but a computer may be used to construct  a table of 

evaluated integrals  and the coefficients a r e  l inear  combinations of 

e lements  of the table.  

' lhe  in tegra ls  a r e  tedious to 

9 / 1 0  



MAGNETIC MOMENT 

The magnetic moment of a cu r ren t  loop car ry ing  c u r r e n t  dI i s  

dM = IT R2 dI 

where R is the radius  of the loop. F r o m  Equations 4 and 5 

R = a s in3  + 
and 

1 
dI = j dp = j a s in  Jc (1  t 3 c o s L  +)2  d+ 

one obtains 

1 

dMR = IT a 3  j s i n 7  Jc (1  t 3 cos‘ +)” dJc 

and the magnetic moment’l of the sheet is given by 

o r  

3 5” 1 

M ~ = r a  j ~ i n ~ 4 ~ ( 1 + 3 c o s ~ + ) ~ d +  . 
B 

If a c u r r e n t  distribution of the form j = jo sin2 + is assumed,  then 

o r  

where  

11/12 



I .  

STORMER~S THEOREM FOR A DIPOLE PLUS 
A DISTRIBUTED RING CURRENT 

S to rmer ' s  theorem fo r  charged particle motion in  axisymmetr ic  

magnetic fields is writ ten (S tern lb)  

where v+ is the + component of velocity, v is the magnitude of particle 

velocity, q and p a r e  the charge and momentum of the particle,  y is the 

impact  parameter  and w is the angle between V and west. 
* 

The vector potential of a dipole plus the distributed ring cur ren t  

being considered is, using Equations 10, 11, and 15, t 

where  M is the magnetic moment of the dipole. 

into Equation 17 yields 

Substituting Equation 18 

The Stormer  unit of length is defined to  be 

q P o M  

4T P 
C s t 2  3 

1 3  



and Equation 19 may be made dimensionless using the definitions 

p r / C s t ,  A a / C s t  and 7 5 y/Cst .  When these substitutions a r e  made, 

one obtains 

The application of S t o r m e r ' s  theorem t o  the dipole shielding problem 

has been discussed in  detai l  by S to rmer l7 ,  Val la r ta l8 ,  Johnson19 and Ray5.  

S to rmer ' s  theorem f o r  m o r e  complex field configurations such a s  double 

ring cu r ren t s  and multipole fields has  been analyzed in  detai l  by Urban20, Z1 
and Prescot t  22,23 

Equation 21 contains four f r e e  p a r a m e t e r s ,  t h ree  of which descr ibe  

the cu r ren t  sheet  (MR/M, A and /3) and 7 which is the normalized impact  

parameter  of the par t ic le .  Since Q is the cosine of the angle between the 

par t ic le ' s  velocity vector  and west,  Equation 21  can  only desc r ibe  r e a l  

par t ic le  motion for I Q I I 1. 

those shown, for  example, by Ray5 and Urban21 may be  found f r o m  this 

e quati on. 

Allowed and forbidden regions comparable  t o  

14 



I . .  
SADDLE POINTS IN THE Q SURFACE 

The hypersur face  Q ( p ,  0,  A ,  p ,  v, M R / M )  may  be analyzed for 

saddle points where Q = -1. 

significance have been d iscussed  in  detail  by Urban 20, 21 and by 

Prescot t22s  23. 

determinat ion of totally shielded, par t ia l ly  shielded and unshielded regions 

of S to rmer  space and permi ts  calculation of the normalized par t ic le  flux 

( re la t ive  to a n  isotropic  distribution at infinity) in  the par t ia l ly  s h i e l d e d  

regions.  

Saddle points in the Q su r face  and their  

Location of saddle points in  the Q sur face  leads t o  the 

In order  for  a saddle point to  exis t  for a function F ( p ,  e )  at a given 

point, the  following conditions mus t  be sat isf ied a t  that  point: 

- 0  - o , - - -  1 aF aF - -  
aP P a0 

and 

(--) i a 2 ~ 2  -(sj(L a 2 F  -)> a2  F 0 
P p 2  a e 2  

Equation 2 2  is the necessa ry  condition and Equation 2 3  is the sufficient 

condition. 

Application of Equation 22 t o  Equation 21 yields the resu l t s  

2 s in  e - 2  Yc + _ - 2  MR 
aP P C  3 p: s in  0 M X 2  F ( P )  - o = -  aa - -  

15  



w 11 e 1' e 

1 
P:, ( c o s  C Y )  (1  t 3 c o s L  CY)Z a €3in(Q) = -  Cin(0) = - 

aP X c o s  (Y ( s in  a )  2n-3 9 

and 

and 

ntl ( c o s  8 )  - - 
sin 8 s in  8 

wherca tht. subsc r ip t  c dcnot( ' s  v d l u e s  a t  the sadd le  point. 

b - o r  n odd ( w h i c h  is r t>q t i i r cd  iclr syrilmetry relative to  the 

cquatorinl p l i n e )  e v t ' r y  t e r m  oi equation 25 has a factor  of c o s  0 t o  a n  odd 

power and this equation 1 b sat isf ied throughout the equator ia l  plane. 

P r c s c u t t 2 3  h a s  found that saddle  poinLs occtlr only a t  points where the 

iiiagnetic iield I S  p a r d l l e l  t o  the symmet ry  'ixis. 

a r e  expecttt.d o n l y  in  the cqucitoricitl plane for the par t icu lar  cu r ren t  d i s -  

tr ibutiC)n a s s u m e d .  

r / L .  

between Equation 21  e \a luated at  Q = - 1  and Equation 24 which r e su l t s  i n  

l 'herefore ,  saddle points 

T h e  0 coordinate 01 all  saddle points is a s sumed  to  be 

7'lit .  p coordlrliltes o f  the  s a d d l e  points a r e  found b y  eliminating 7 

( a t  8 lT/2)  

16 



In pract ice ,  values a r e  assumed fo r  the ring cu r ren t  pa rame te r s  

MR/M,  A and p.  
values of p c ,  the p coordinate of the saddle point. The value of uc, the y 
for wllich the saddle point occurs ,  is obtained f rom Equation 24 using the 

same  p a r a m e t e r s  MR/M, A and /3 and the p and 8 coordinates of the saddle 

point. yc is given by 

Equation 26 is solved by i terat ion fo r  self consistent 

- 

i 
F o r  low energy par t ic les  the cur ren t  sheet  fa l ls  inside the inner  

forbidden region and there  is only one saddle point and it occurs  outside 

the c u r r e n t  sheet .  

saddle points,  one between the origin and the cu r ren t  sheet  and the other 

beyond the c u r r e n t  sheet .  

F o r  higher energy par t ic les ,  the Q sur face  has  two 

17/18 



I .  

STORMER PLOTS 

i 

1 

I 

Stormer  p lo ts  oi allowed and forbidden regions of par t ic le  motion 

for  the combination iield of thy dipole plus the distributed ring cu r ren t  a r e  

shown in F igures  3 t l i rough I O .  

pa rarne ters  vc such that saddle points occur  in  the Q sur face  and p a s s  points 

occur  in  the StL’rmer plots. 

and tht, allowed rc’gions a r e  unshdded. 

ill t l l t  f c . , i I , i t I c i c i i  I c c ’ i o i i ”  i Q  I ; I .  

shown in F igure  3 .  

four regions: an  inner  forbidden region, Q > t 1, which is completely 

shielded f r o m  al l  par t ic les  f r o m  infinity; a n  inner  allowed region where 

- 1  2 Q 2 1 ,  which is partially shielded f r o m  part ic les  f rom infinity; an  

outer forbidden region where Q 

- 1 < Q < 0, which a r e  both completely unshielded f r o m  part ic les  f r o m  

infinity . 

T h e  plots were  calculated for  impact  

T h e  regions of forbidden motion a r e  shaded 

In the allowed regions I Q !  S 1 and 

T i i r  Stiil-nirr plot tor a dipolv alone 1s 

F o r  a dipole field ( M R / M  = 0 )  and 7 = - 1 there  a r e  

- 1 and a n  outer allowed region where 

Unlike the Storincr plots for the dipole field which a r e  the same  for  

par t ic les  of a l l  energ ies ,  the plots for a dipole plus a ring cu r ren t  a r e  

s t rongly dclpendcnt on par t ic le  tnergb-. 

in dimensionless  ring radius ,  A ,  with the change in  the S ta rmer  unit of 

length. F igure  4 shows the allowed and forbidden regions fo r  the geo- 

magnetic dipole (pM = 1. 01788 X 1017 weber  m e t e r s )  and a ring cu r ren t  

such that a = 6 ear th  radi i ,  M R / M  = 0. 4 and /3 = 30” for proton kinetic 

enerqy 50 MeV. F o r  this par t ic le  energy, the ring cu r ren t  falls within 

the inner  allowed region and the plot is  a lmost  the s a m e  a s  for  a dipole 

with the magnetic moment of 1 . 4  multiplied by the original.  

point moves from p c  1: 1 to p, = 1 .  197 and the c r i t i ca l  impact  pa rame te r  

changes t o  y 

S t o r m e r  plots with increasing particle energy while the ring p a r a m e t e r s  

r e m a i n  the s a m e  a s  in  Figure 4.  In F igure  5 the proton kinetic energy is 

0. 1 Rev and the r ing cur ren t  falls  Jus t  outside the inner forbidden region 

This i s  due pr imar i ly  to  the change 

The pass  

- 
7 - 1 .  1 8 7 7 ,  F igures  5 ,  6 and 7 show the change i n  the 

C 

19 



- P  

2 0  



1 . 0  

0.  5 

Z 

0.  0 

- 0 .  5 

- 1 . 0  

- P  

Figure  4. S to rmer  Plot for  the Geomagnetic Dipole Plus a 
Distributed Ring Current  with MR/M = 0. 4, 
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Figure 5. S to rmer  Plot for the Geomagnetic Dipole Plus  a 
Distributed Ring Cur ren t  with M R / M  = 0. 4, 
a = 6 E a r t h  Radii ,  /3 = 3 0 "  and Pro tons  with 
0. 1 B e V  Kinetic Energy ,  yc = -1. 18965 
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F i g u r e  6 .  S to rmer  Plot fo r  the Geomagnetic Dipole P lus  a 
Distributed Ring Current  with MR/M = 0. 4, 
a = 6 E a r t h  Radii, /3 = 30”  and Pro tons  with 0. 5 BeV - - 1 I C l n A ”  
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I,7igLlris 7 .  St;il-rncSr Plot for the Geomagnetic Dipole P lus  a 
Distributed Ring Cur ren t  with M R / M  = 0. 4, 
a = 6 Ea r th  Radii ,  /3 = 30" and P ro tons  with 
0. 5 B e V  Kinetic E n e r g y  and yc = -1. 30895  
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and the Stb'rmer plot is still essentially that of a dipole with the saddle 

point occurr ing in  the Q hypersurface a t  p = 1.203 and ';jc = - 1. 1898. 

The resu l t  is an inc rease  in  the dimensions of the completely shielded 

region and the par t ia l ly  shielded region. Figure 6 and 7 show the allowed 

and forbidden regions fo r  protons with kinetic energy 0. 5 BeV for  c r i t i ca l  

impact  p a r a m e t e r s  vc = - 1. 19987 and - 1. 30895, respect ively.  

two f igures  i l lus t ra te  the occurrence  of two saddle points in the Q 

hypersurface a t  different impact  pa rame te r s .  

(F igu re  6 )  c loses  f o r  a s m a l l e r  impact pa rame te r  than the inner  saddle 

point (F igu re  7 ) .  

a n  allowed region, the outer saddle point de te rmines  the totally shielded 

and par t ia l ly  shielded regions.  

c u r r e n t  e lement  which was observed in  the c a s e  of the f i lamentary r ing 

current59 169 20, 21 is not observed where the c u r r e n t  is dis t r ibuted over 

l a r g e  dimensions.  The p a s s  point in Figure 7 is apparently unimportant 

when considering par t ic les  coming f r o m  infinity. 

These 

The outer pass  point 

Since par t ic les  cannot c r o s s  a forbidden region t o  en ter  

The totally shielded region about the 

F igu res  8, 9 and 10 present  the allowed and forbidden regions,  

assuming a ring cu r ren t  with MR/M = 0 .2222 ,  rad ius ,  a = 6 re,  /3 = 30" 

and a s ine  squared c u r r e n t  distribution in  the dis t r ibuted ring. 

and magnetic moment of this  r ing cu r ren t  cor respond to  the V3 belt  of 

Akasofu and Chapman1 0. 

The radius  

As par t ic le  energy  is increased ( f r o m  that  of F igure  7 )  the point is 

reached  at which both the inner  and the outer saddle points occur fo r  the 

s a m e  impact  pa rame te r  and for  higher energy  par t ic les  the inner  saddle 

point occu r s  for sma l l e r  ITc I .  
forbidden regions for  protons of kinetic energy  1 BeV and c r i t i ca l  impact 

p a r a m e t e r s  -1. 1175 and -1. 12536, respectively.  

the inner  saddle point de te rmines  the totally shielded inner  forbidden region 

and the par t ia l ly  shielded region which extends t o  the inner  pass  point. The 

yc which c loses  the outer  pass  point determines the forbidden and allowed 

reg ions  f o r  p > p . where  p,: is the radial  coordinate of the inner  saddle 

point. 

Figures  8 and 9 show the allowed and 

In this ca se  the yc for  

- 

Li L A  
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F i g u r e  9.  S tormer  Plot  for  the Geomagnetic Dipole P lus  a 
Distr ibuted Ring Curren t  with M R / M  = 0. 2222, 
a = 6 E a r t h  Radii ,  p = 30" and Protons with 1 BeV 
Kinetic Energy  = - 1 .  12536 - 
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F o r  higher proton kinetic energies ,  the inner  saddle point becomes 

m o r e  important .  

kinetic energy 5 BeV for  the c r i t i ca l  impact  pa rame te r  yc = - 1. 04288 

which just  c loses  the inner  region. The Stormer  plot again looks v e r y  

similar t o  the dipole plot. In this case ,  however, the r ing cu r ren t  reduces  

the volumes of the totally shielded and par t ia l ly  shielded regions instead of 

increasing them a s  in  the case  of low energy par t ic les .  The volume of the 

shielded and par t ia l ly  shielded regions dec reases  with increas ing  ring 

cu r  ren t .  

F igure  10 shows the forbidden regions fo r  protons with 

2 9 / 3 0  
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UNBOUND PARTICLE F L U X  CALCULATION 

The rat io  of the untrapped proton flux at  points inside the magneto- 

sphere to an isotropic and spatially uniform flux a t  infinite distance can be 

calculated using the Stb'rmer transformation and Liouville's theorem. The 

technique is discussed in  the l i terature 222 24* 25 ,  26 and will only be sum- 

marized here .  

+ +  
Liouville's theorem states  that the distribution function, f ( r ,  P), - +. 

in s ix-di i i~e~iviunal  phase space,  ( r ,  P), is a constant of the motion, where 
+ -+ 

the components of P a r e  the conjugate momenta of the components of r of 

the Hamiltonian equations of motion and P = p t q A .  has shown 

that the distribution fynction f ( r ,  p)  is a l so  a constant of the motion in  the 

quasi-phase space (r ,  p). 

the distribution function is constant along a particle t ra jectory connecting 

+ +  4 

+ +  

+ 
If particle energy and speed remain constant, 

two points i n  r e a l  space. 
+ 

F o r  monoenergetic particles the flux at a position r is defined by 

4 

where vE is a velocity corresponding to energy E and the integration is 

over the solid angle containing a l l  directions f rom which par t ic les  a r e  

allowed to  a r r ive .  The StGrmer allowed cone contains a l l  the allowed 

directions and it has  been shown27 that, neglecting the shadow effect, the 

flux is uniform over the allowed cone and thk flux a t  r is given by 
+ 

The half angle of the allowed cone i s  cos-'  Q where Q is given by 

Equation 21. The differential element of solid angle is given by 

dS2 = sin w dw d6 
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where 6 i s  the azimuthal angle of the right c i rcu lar  S t6 rmer  cone. 

Therefore ,  

~ T F  Q2 

d n  = - dQ d6 = -2r ( Q 2  - Q1) 3 
0 Q I  

3 

The flux at r i s  given by 

The assumption that v ,  p and E a r e  constant along with Liouville’s theorem 

lead to 

( 3 2 )  
-t 3 

v f ( r ,  v )  = v f ( r m ,  v )  , 
3 

where r,, is a point a t  infinite distance.  The flux of par t ic les  of energy  E 

a t  infinity is given by 

since the flux a t  infinity is assumed to be isotropic  and spat ia l ly  uniform. 

--c 
The ra t io  of flux a t  r to  the flux a t  infinity is given by 

The St6rmer cone is completely closed a t  Q = tl which is  the lower 

l imit ,  Q1 of the integral  jus t  evaluated, and the cone is fully open a t  

Q = -1 .  

Equation 21 .  

The upper l imit  Q 2  is the value of a(;,) calculated using 
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F o r  dipole f ie lds ,  P re sco t t22  has  shown that  the r a t io  of the unbound 
3 

par t ic le  flux a t  r t o  an  isotropic  flux a t  r = m is given by 

3 

Q(r) = 0 i f  Qc 2 1 Inner forbidden region 
(completely shielded) ( 3 5 )  

< o  (1 - Q,) i f  - 1 . 0  5 Q, < 1. 0 and - a Qc a(:) 1 - = -  
2 a P  

Inner allowed region 
(par t ia l ly  shielded) 

Outer forbidden region o r  if 
- 1 < Qc < 0 and a Q c / a p  > 0 
Outer allowed region 
(completely unshielded region) ( 3 7 )  

where  Q, = Q(Tc) . 

Similar  equations were  found t o  apply in  the case  of the ring cu r ren t .  

The only modification requi red  to obtain the flux ra t ios  fo r  the f i lamentary 

r ing is the replacment  of aQ, /ap  by a Q c / a F  where 

the r ing r a the r  than its center .  

is measured  f r o m  

Examination of the allowed and forbidden regions of Stb’rmer space  

f o r  the dipole plus a r ing cu r ren t  ( f i lamentary o r  dis t r ibuted)  leads to  the 

following r e su l t s .  In genera l  two saddle points may be found i n  the Q 

hypersur face ,  and these  saddle points occur  for  different values of c r i t i ca l  

impact  pa rame te r  yci and yco for the inner  and outer saddle points, 

respect ively.  

pzrzFa”t~r  i~ bec=rLing r l ~ r e  negat ive aiid tile inner aiiowed regions f o r  the 

dipole and for  the r ing cu r ren t  a r e  connected. 

examples  of this si tuation and the flux ra t ios  a r e  calculated using the 

following ru les  : 

If I’;J,o I < JTcil, the outer pas s  point c loses  first as impact 

F igu res  4 through 6 a r e  

3 3  



wi1cl-c. p 

apply to  the lower energy p a r t  of the spec t rum but the energy at which they 

cease  to  apply depends on the ring p a r a m e t e r s .  

is t h t .  p coordindte of thc. outr.1- saddle point. ‘These equations 
c o  

For the higher enc’rgy par t ic les  lvcil < l ~ , c , i  and the inner  p a s s  

point c1ost.s first as  y is  beconling inore negative. In these  c a s e s  the 

innclr allowed region f o r  thc. d ipolc  and the allowed region for the ring 

c u r r e n t  a r e  scparatt.  and t h ~ .  ru les  ior  calculating flux ra t ios  for  the 

p c i  dipole may b c i  applied out t o  p 

be applied for  p > p c i  where p i s  the p coordinate of the inner  saddle 

point. 

and the ru l e s  f o r  the ring c u r r e n t  m a y  

c i  - - 
Equivalc*nt r u l r s  may btl stated as follows fo r  / y c i l  < I y c o l :  



3 I -  
I 
I 

o r  if Q (Tco) < - 1 and p > pci 

o r  i f  - 1 < Q (vco) < 0 and p > p c o  . (39)  

The ra t ios  of par t ic le  flux at  ? t o  an  isotropic flux a t  infinity were  

calculated for  the geomagnetic dipole plus a f i lamentary ring and for  the 

geomagnetic dipole plus distributed ring cu r ren t s  using Equations 38 and 39. 

Calculations were  made for  a s e r i e s  of proton kinetic energies  f r o m  10 MeV 

to 1 0  BeV. Flux ra t ios  were a l so  calculated for  the geomagnetic dipole field 

(using Equations 35 through 37) for  comparison with the flux rat ios  for  the 

combination fields.  

in F igures  11 through 18. 

The r e su l t s  of the flux ra t io  calculations a r e  presented 

F igures  11 through 14 give flux ra t ios  i n  the equator ia l  plane. 

(F igu re  12 is f o r  8 = 89. 5"  instead of 90" t o  avoid the singular point in  Q 

at (A, 5 )  f o r  the dipole plus a fi lamentary ring cu r ren t .  

influence of the ring cu r ren t  is a reduction of unbound par t ic le  flux i n  the 

equator ia l  plane fo r  rad ia l  distances g r e a t e r  than o r  in the vicinity of the 

r ing cu r ren t .  The flux rat ios  all go to z e r o  a t  (A,  2) f o r  the dipole and 

f i lamentary  ring and the reduction i s  quite pronounced for  p - X and 

8 = 89. 5"  f o r  this  model. 

p = X fo r  the distributed ring cur ren t  is much l e s s  pronounced in  the 

equator ia l  plane. F o r  rad ia l  distances - 7-10 ea r th  radi i ,  the f i lamentary 

r ing and the distributed ring cu r ren t  produce approximately equal reductions 

in  par t ic le  flux provided they have the same  magnetic moment. 

model  pred ic t s  that 10 MeV part ic les  will  penetrate  the magnetosphere 

t o  about 8. 6 ea r th  rad i i  f rom the dipole, whereas  the combination f ie ld  

models  predict  total  shielding f rom 10 MeV protons out to  about 10 ea r th  

radi i .  Unbound par t ic le  flux reductions by a r ing cu r ren t  a r e  predicted 

f o r  a l l  par t ic les  not sufficiently energetic to  penetrate  the ring cu r ren t .  

The opposite effect is predicted for  par t ic les  with sufficient energy to  

psiiztrate the iiiiici' i i e id .  

The gene ra l  

The reduction of the ra t ios  in  the vicinity of 

The dipole 

The ring cu r ren t  fieid subt rac ts  f r o m  the dipole 
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field fo r  r i a and the effectiveness of the shielding provided by the dipole 

field is therefore  reduced. The  effect  is manifested a t  the E a r t h ' s  su r f ace  

i n  tht  reduction of the cutoff rigidity for cosmic raysl8P l92 

i n  unbound particle flux about one r a r t h  radius f r o m  the dipole which is due 

to  the ring cur ren t  is r a the r  smal l .  

protons a t  r 1 1 is incre.asr.d f rom about 0.  045 to  about 0.  135 with the 

addition of a ring ciirrcant Lvitli M R / M  - 0 .  4 a t  a = 6 re. 

of the ,ivt.rag:> inc.rtA,isix 1x1 f lux  ra t ios  di~t .  t o  the r ing cu r ren t  of F igure  14 

corriparchd to  Figure- I 1  is about 6 pe r  c-erit over  the radial  interval  

1 r e  r 4 rcb. 

' 

The inc rease  

For  example,  the flux ra t io  for  10 BeV 

A visual  es t imate  

Figii:-e; 15  through 18 present  tht. resul ts  of flux ra t io  calculations 

a t  0 .= 8 0 "  for t h t x  diffvrcant field (.onfigtirations being considcred.  

the ring cu r ren t  is found to slightly inc rease  the f lux ratios nea r  the dipole 

and decrease  the flux rat io  in  the vicinity of r = a and for  r > a .  

distributed ring cu r ren t  model leads t o  preditions of sma l l e r  flux ra t ios  in  

thtl vic,inity r 17 a than thtx filarnc-ntiiry ring cu r ren t  model f o r  r ings with 

thcs s ame  magnetic rnoiiitsnt. R comparison of F igu res  1 7  and 18 shows 

that f lux  ra t ios  dtaptrnd strongly on thta n);ignetic nioinenl: of the ring c u r r e n t ,  

c'sptlc ial1)- in the vicinity o f  tlic ring currcsnt and beyond. 

Again 

The 

Sincc, tht>scx flux rat ios  \\.Arc c;-l lctilated using an  ax isymmetr ic  field 

il>i>dcxl, their  vn lu i~s  arc! n o t  valid n:'dr thc mctgnetopnuse. Also the effect 

or thtl solid ear th  which  could rcdiice the par t ic le  f l u s  near  the Ea r th  w a s  

i I l ) t  onsidered. 

near  the. F2,~rth 

Thta p,irtie It. l l u i  cs t inintes  art '  expected to  be too high 

Flux ra t ios  a t  higher magnetic colatitude ( 0  =. 4 0 " )  for  f i lamentary 

and distributed ring c u r r e n t s  plus a dipole show that a dis t r ibuted r ing 

cu r ren t  is l e s s  effective than a f i lamentary  r ing c u r r e n t  of the s a m e  

magnetic moment in  the reduction of cutoff rigidity. Es t ima tes  of r ing 

cur ren ts  required to achieve a ce r t a in  reduction in cutoff r igidity nea r  

the Ear th ' s  su r f ace  a r e  too low if a f i l amen ta ry  r ing c u r r e n t  model  is 

used when the actual  c u r r e n t  is dis t r ibuted over  l a rge  volumes.  
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CONCLUSIONS 

The S tz rmer  theorem has been applied to the combination field of 

a dipole plus a distributed ring cur ren t .  

par t ic le  motion were  calculated and ratios of unbound proton flux in  the 

model magnetosphere t o  an  isotropic  flux at infinity were  obtained. 

ra t ios  indicate that the reduction of unbound par t ic le  flux near  the ring 

cu r ren t  and outside i t  due to the presence of the ring may  be of g rea t e r  

magnitude than the inc rease  of par t ic le  flux a t  the E a r t h ' s  sur face  due to 

the r ing cur ren t .  

Forbidden regions for  unbound 

These 

The unbound charged par t ic le  distributions in  the magnetosphere 

a r e  s t rongly influenced by the presence of a ring cu r ren t .  

distributions appear  to be r a the r  sensit ive to the f o r m  assumed for  the 

r ing  cu r ren t .  

The theoret ical  

More accura te  predictions of the effect of the r ing cu r ren t  on the 

distribution of unbound par t ic les  i n  the magnetosphere may be obtained 

with m o r e  accura te  representat ion of the vector  potential of the ring 

cu r ren t .  A multiple-sheet representat ion for the ring cu r ren t  would be 

n e a r e r  to  the diffuse nature  of the actual trapped par t ic le  bel ts  than the 

single shee t  approximation used in  these calculations.  

formulat ion appears  to be a s t ra ight-forward t ransi t ion f rom the present  

formulat ions.  F o r  some range of par t ic le  energy,  each added c u r r e n t  

shee t  m a y  have its own saddle point but it should not be too difficult to 

decide which p s s s  p n i ~ t s  c ~ ~ t r ~ l  the particle f l i . 1 ~  fnr c?a.ch region of  

St i j rmer  space.  Very accura te  representat ions of the ring cu r ren t  vector  

potential ,  especial ly  those which a r e  not ax isymmetr ic  and those obtained 

by numer i ca l  integration will v e r y  probably be too complicated for  use with 

the St i j rmer  theory and individual par t ic le  t ra jec tor ies  will probably have 

to be numerical ly  integrated to determine allowed directions of a r r i v a l ,  

cutoff r igidi t ies  and par t ic le  fluxes. 

The multiple sheet  
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Satellite par t ic le  flux data should be analyzed for  an  experimental  

measu re  of the influence of the trapped par t ic le  belts on the untrapped 

par t ic le  flux. Maps of measured  cutoff energy f o r  f r e e  par t ic les  for  the 

magnetosphere could be compared with the resu l t s  of the S t6 rmer  theory 

using various ring cu r ren t  models.  

tr ibutions in  the magnetosphere should be of considerable value in  the study 

of the ring cur ren t .  

The measured  untrapped par t ic le  dis-  

The S tormer  theory may se rve  as a useful check in  effor ts  to  der ive 

self-consistent models of the ring c u r r e n t  and i t s  magnetic field. 2 7 9  28 

The r ing cur ren t  effects on so lar  f l a r e  par t ic les  should be considered when 

predictions of the penetration of these par t ic les  into the magnetosphere a r e  

made.  The  magnitude of the ring cu r ren t  effect appears  to  be such that the 

flux of solar  f la re  protons in  the magnetosphere differs substantially f r o m  

what might be expected in  a dipole field. 
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